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1. INTRODUCTION 
In this paper,  we are concerned with the osci l latory behavior of higher-order difference quat ions 
of the form 
Am(xn - Xn--r) + qnf(x,~-g) = 0, (1) 
where A is the forward difference operator  defined by Axn = xn+l  - Xn, and for i > 1, A i is the 
i th-order forward difference operator  A ixn  = A(A i - l xn) .  The following condit ions are always 
assumed to hold: 
(a) {qn} is a real sequence with qn >- O, eventually, and n c N = {0, 1, 2 , . . .  }, 
(b) f : R -~ ]I( is continuous with uf (u)  > 0 and nondecreasing for u ¢ 0, and satisfies 
- - f ( - -xy)  ~ f (xy)  > f (x ) f (y ) ,  for xy > O, 
(C) g, T are posit ive integers. 
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Let a = max{T,g} and No be a fixed nonnegative integer. By a solution of (1), we mean a 
real sequence {xn} which is defined for all n > No > a, and satisfies (1) for n > No. A solution 
{xn} of (1) is said to be nonoscillatory if all terms xn are eventually of one sign. Otherwise the 
solution {Xn} is called oscillatory. In this paper, we shall be concerned only with the nontrivial 
solutions of (1). 
The problem of finding sufficient conditions which ensure that all solutions of certain classes 
of difference quations of neutral type are oscillatory has been studied by a number of authors. 
Here, we refer to [1-6] and the references therein. 
Equation (1) is a discrete analog of the neural differential equation 
(x(t) - x[t - T]) (~) + q(t)f(x[t -- g]) = O, (1)* 
where q : [to, co) --~ [0, co) is continuous, f satisfies Condition (b), and T and g are real numbers. 
The oscillatory behavior of (1)* with m = 1 and f (x)  = x has been studied by many authors 
and as recent contributions, we refer to [7-10] and the references therein. It is shown in [7] that 
foo q(s)ds = co is an essential condition for the oscillation of (1)* with m = 1 and f (x )  = x. 
In [10] they proceeded further and in the case foo q(s) ds < oo, they proved that the condition 
sq(s q(u) duds = co 
is sufficient for the oscillation of (1)* with m = 1 and f (x)  = x. 
It seems that only little is known regarding the oscillation of nonlinear equation (1) with m _> 1. 
Therefore, the purpose of this paper is to establish some new criteria for the oscillation of (1). 
The results of this paper are applicable to superlinear ( f+~ f(u)dU <~ 00), linear ( f (x)  : x) and 
sublinear (f+0 ~ < co) equations of type (1). We also note that the results obtained for (1) 
with m = 1 and f (x)  = x are the discrete analogs of the above mentioned results for (1)*, with 
m- -1  andf (x )=x.  
2. MAIN RESULTS 
We shall need the following two lemmas which are given in [1]. 
LEMMA 1. Let xn be defined for n > no and Xn > 0 with Amxn eventually oE one sign. Then, 
there exists an integer j, 0 <_ j <_ m with (m + j)  odd for Amxn ~ 0 and (m + j)  even for 
Amxn > 0 and an integer N >_ no, such that for ali n > N 
j _< m - 1 implies (-1)J+iAix,~ > O, j < i < m - 1 
and 
j _> 1 implies Aix,~ > 0, l< i<m-1 .  
LEMMA 2. Let xn be defined for n >_ no and xn > 0 with Araxn < 0 eventually. I f  Xn is 
increasing, then there exists a sufficiently large N >_ no such that 
22-2m 
Xn >_ - -n (m- l )Am- lxn ,  for all n > 2m- iN.  
(m-  1)! 
THEOREM I. 
and 
Let m be odd. I f  
oo 
oo 
Z qnf(nQn) -- co, (3) 
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where 
Qn=Eqn,  (4) 
k=n 
then (1) is oscillatory. 
PROOF. Let {x,~} be an eventually positive solution of (1), say x~ > 0, x,~-r > 0, and Xn-g > 0 
for n >_ nl  > no. Set 
z~ = z~ - zn_~.  (5) 
Then (1) becomes 
Amz,~ = -qnf(Xn-g) ~ 0, n ~ n 1. (6) 
Thus, A~z~ are eventual ly of one sign, i = 0 ,1 , . . . ,m,  and there are four possible cases to 
consider: 
(A) z,, > 0, Az~ > 0, 
(B) Zn >0, Azn <0, 
(C) zn < 0, Azn > 0, and 
(D) z~ < 0, Az~ < 0, eventually. 
CaSE A. Assume z~ > 0and Az,~ > 0 for n> nl. From (5) we see that  xn > zm and hence, 
there exist an integer n2 > nl  and a positive constant e such that  
x~_g _> z~_g _> c, for n _> n> 
Thus, 
Amzn <_ --f(C)qn, for n >_ n2. (7) 
It is easy to check Am-lzn > 0 for n _> n 2. Summing both sides of (7) from n > n2 to N > n 
and letting N --+ oc, we obtain 
oo 
Am-lz,~ > f(c) E qk = f(e)Qn, n > n2. (8) 
k=n 
Next, applying Lemma 2, there exists an integer n3 ~ 2m-in2 so large that  
zn >_ an(m-1)Am-lzn, for n _> n3, (9) 
where a = 22-2m/(m - 1)!. Using (9) in (8), we have 
z~ > zn >_ C~lnm- lQ~,  n > na, 
where c~1 = a f (c ) .  Now, there exists an integer n4 _> n3 such that  
Xn_g ~ Oq(n rn-1 _ - g)  Q~- :~ > ~l (n  - g )m-~@~,  n > n4.  (1o) 
Using (6) and (10) in (6), we obtain 
where a2 = f(al).  
Summing (11) from n4 to n - 1 > n4, we get 
?$ ~--~4, (11) 
n--1 
Am- lzn  <-- Am- lzn4  -- °e2 E qJf ((J -- g )m- lQ j ) ,  
jmn4 
8O 
which in view of (3) leads to 
a contradiction. 
CASE B. Assume Zn 
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Am-lzn ~ -00, as n ---* c~, 
> 0 and Azn < 0 eventually. By Lemma 1, we see that  Am- lz  n > 0 
eventually. In this case, we have Xn > xn-~-. Hence, there exist a constant b > 0 and n2 > nl 
such that  
Xn-g >_ b, for all n _> n2. 
Then, from (6), it follows that  
and hence, 
Amzn <_ -f(b)qn, for n > n2, 
Am-lz,~ >_ f(b)Qn, for n _> n2. (12) 
By Taylor's formula (see [1]), we see that  for s - 1 > k > j > n2 
m-2 (s + i - 1 - k) (i) s-1 (j + m - 2 - k) (m-2) 
Zk = ~ "iT. (--1)iAiZs "b ~ "(m ----'2~ (--1)m-lAm-lzJ" 
i=o j=k 
Since m is odd, and Am-lzn is decreasing; one can easily see that  
Zk~_ (~( J+m-2-k )  (m-2)) 
\ j=k -(~7~---'2~.. Am-lzs- l"  
Replacing k with n - T and s with n + 1, we have 
Zn-~ _ j=n-T (m -- 2)! ] Am- lzn  
or  
z,~ > ~Am-lzn+r, for n > n3 _> n2, (13) 
where 
n-br  = ( j+m-  2-n)(m-2)  
Using (13) in (12), we obtain 
Zn ~-- ~lQn-b.r, n > n3, (14) 
where J~l - -  ~f(b). From (5), we have 
Xn ~ ~lQn+h + Xn-~-, n~n3.  
Let an integer N be such that n3 + (N  - 1)T < n < n3 + Nr .  Then, we have 
Xn >_ ~1 [Qn+r + Q,~ +.. .  + Q, - (g -~) r ]  +Xn-gr  >_ ~I (N-  1)Q,,  
which together with (6) yields 
AmZn <_ -An, (15) 
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where 
An= f ( ~ l (N-1)  ) q,~f(nQ~). 
By noting that n/N --+ T as n -+ co, we find 
qnf(nQ,~) 
and by (3), we have 
Thus, (15) and (16) yield 
OO 
~-~ An -~ oo. 
A m-  l z n ~ -oo ,  as  n ----+ co ,  
a contradiction. 
CASE C. Assume zn < 0 and Azn > 0 eventually. Then, 
0 ~ Vn  ~ -z  n -~ Xn-v  - Xn ,  
as  n ---~ oo  
(16) 
and it follows that 
X N ~ Z N 7 t -xN_ ,  r ~ - -a -L -XN_+r  
XN+jv < -a( j  + 1) + XN_  v ~ - -00 ,  as j --+ CO, 
which contradicts Xn > 0 eventually. This completes the proof. 
REMARK 1. When T ---- 1, (1) is reduced to an even order equation 
Am+lz~ + q~f(xn-9) = 0. (17) 
Applying Theorem 1 for (17), we obtain the following new criterion for the oscillation of (17). 
COROLLARY 1. ~i ~" 
OO 
~ qnf( (n - 9)mQ~) = CO, (18) 
where Qn is defined as in (4), then (17) is oscillatory. 
PROOF. The proof is contained in the proof of Theorem 1, Case A. 
Now we introduce the following notation: 
f g, if m is odd, g* (19) 
g -T>0,  i fmi feven .  
Next we shall prove the following comparison result. 
Therefore, 
and hence, (6) become 
Amvn = q~f(X~_g) , eventually. 
Since m is odd, by Lemma 1, we must have AVn > 0 eventually contradiciting the assumption. 
CASE D. Assume z~ < 0 and Az~ < 0 for n >_ nl. Since z~ is decreasing, there exist a constant 
a>0andaT>_n l  such that 
zn < -a, for n > N. 
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THEOREM 2. Suppose that the first-order equation 
( 1) Awn+f  (~_5[ ]qnf ( (n -g )m-  f(Wn-g)=O 
is oscillatory, and all bounded solutions of the equation 
mmyn "J¢- (-1)m+ l qnf (y~-g* ) = 0 
(20) 
(21) 
are oscillatory. Then, (1) is oscillatory. 
PROOF. Let {xn} be an eventually positive solution of (1), and let zn be defined as in (5). As 
in the proof of Theorem 1, the four Cases A-D need to be considered. 
CASE A. Assume Zn > 0 and Az~ > 0 for n _> nl k no. Proceeding as in the proof of Theorem 1 
Case A, there exists an integer n2 >_ 2m-in1 such that Am-lzn > 0 and (9) holds for n > n2. 
From the fact that xn _> zn and Condition (c), there exists an integer n3 ~ n2 such that 
Xn-g  > Zn-g  > oL(n -- -~m- iAm- lz  - - -  Y )  n -g ,  for n > n3,  (22) 
where a = 22-2m/(m - 1)[. Using Condition (b) and (22) in (6) and letting Vn = Am-lzn, n k n3, 
we have 
AvE + f (a ) f  ((n - g)m-1) qnf(Vn-g) <_ O, for n > n3. '. (23) 
Summing both sides of (23) from n _> n3 to N and letting N -* oo, we obtain 
Vn >_ f (a )  E f ((k - g )m-1)  qkf(Vk-g). (24) 
k=n 
But, by the discrete analog of a result in [11] and Theorem 1 in [12], if (24) has an eventually 
positive solution v~, then the corresponding equation 
(x) 
wn = f(a) E f ((k - g)m-1) qkf(wn-g) (25) 
k-n  
also has an eventually positive solution WE. It follows then that equation (20) has the eventually 
positive solution wE. This contradicts the hypothesis that (20) is oscillatory. 
CASE B. Assume zn > 0 and Azn < 0 for n >_ nl _~ no. This is the case when m is odd. By 
Lemma 1 and Lemma 6 in [11], there exists an integer n2 _> nl such that 
( - -1 ) iA i zn  > O, for i = 0, 1 , . . . ,  m -- 1 and n > n2. (26) 
Summing both sides of (6) from n _ n2 to N repeatedly m-times, using (26) and the fact that 
Xn >_ Zn for n > n2 and letting N -* c~, we have 
oo oo oo 
z,,> F_, F_, ' F_, qj,of(zjm_ ). (27) 
j l=n  j 2= j l  jm '~ jm-1  
The remainder of the proof is similar to that of Case A given above. 
CASE C. Assume Zn < 0 and Azn > 0 for n > nl _> no. This is the case when m is even. Set 
0 < Yn  = - -Zn  -~" Xn- -T  -- Xn" 
Then, (1) becomes 
Amyn = qnf(Xn-a) (28) 
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and 
Xn- r  ~- Yn or Xn _>_ Yn+r, for n _> nl .  (29) 
Since m is even and Ay n < 0 for n >_ n l ,  there exists n2 _~ n l  such that  
( -1 ) iA iyn  :> 0, for i = 0, 1 , . . . ,  m - 1 and n > n2. (30) 
Summing both sides of (28) from n ~ n2 to N repeatedly m-t imes and using (29) and (301) and 
lett ing N --* co, we have 
Yn >- ~ "'" ~ q i , , f  (YJ , , - (g-~))" 
j l=n j2=jl jm=jm-1 
The rest of the proof is similar to that of Case A given above. 
CASE D. Assume Zn < 0 and Azn < 0 for n _> n l  ~_ no. The proof is exactly the same as in the 
proof of Theorem 1, Case D. This completes the proof. 
As an application of Theorem 2, we consider the equation 
Am(x,~ - x~_~) + qx ,_g  = 0, (31) 
where q is a real number and V and g are positive integers. We see that (31) is oscil latory if 
mmgg 
q > (m + g)m+~, g _> 1. (32) 
REMARK 2. The results of this paper are presented in a form which is essentially new. Also, we 
see that  the results of the paper are valid for equations of the form 
Am(xn - cxn-~)  + qnf (x~-g)  = O, 
where c is a real number and 0 <_ c < 1. Details are left to the reader. 
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